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Exposed 2-Homogeneous Polynomials
on the two-Dimensional Real Predual
of Lorentz Sequence Space

Sung Guen Kim

Abstract. We classify the exposed polynomials of the unit ball of the

space of 2-homogeneous polynomials on the two-dimensional real pred-
ual of Lorentz sequence space. In fact, we prove that
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1. Introduction

We write By for the closed unit ball of a real Banach space F and the dual
space of E is denoted by E*. x € Bg is called an extreme point of Bp if
Y,z € Bg with o = %(y + z) implies © = y = z. « € Bg is called an exposed
point of B if there is an f € E* so that f(z) = 1 = ||f| and f(y) < 1
for every y € Bg\{z}. It is easy to see that every exposed point of B is
an extreme point. We denote by ext B and extBg the sets of exposed and
extreme points of Bg, respectively. A mapping P: F — R is a continuous 2-
homogeneous polynomial if there exists a continuous symmetric bilinear form
L on the product E x E such that P(x) = L(z,z) for every x € E. We de-
note by L4(2E) the Banach space of all continuous symmetric bilinear forms
on E endowed with the norm ||L|| = supj,—,1=1 [L(z,y)|. P(*E) denotes
the Banach space of all continuous 2-homogeneous polynomials from E into
R endowed with the norm [|P[| = supj = [P(z)]. For more details about
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the theory of polynomials on a Banach space, we refer to [7]. In 2003, Kim
and Lee [23] studied exposed 2-homogeneous polynomials on Hilbert spaces.
Later, Choi and Kim [6] characterized the exposed points of the unit ball of
P(%12) (p = 1,2,00) and in 2007, Kim [15] characterized the exposed points
of the unit ball of P(*2) (1 < p < o0,p # 2). We refer to ([1-6,8-31] and
references therein) for some recent work about extremal properties of mul-
tilinear mappings and homogeneous polynomials on some classical Banach
spaces. Let 0 < w < 1 be fixed. We denote the two-dimensional real predual

of Lorentz sequence space by
d, = max< |zl |y, 1+ vl .
) 1+w

In fact, the two-dimensional real predual of Lorentz sequence space d, (1, w)?
is the plane R? with the octagonal norm of weight w. We will denote by
P(x,y) = az? + by? + cxy a 2-homogeneous polynomial on d.(1,w)?. In
2011, Kim [17] computed the norm of P € P(2d.(1,w)?) in terms of its real
coeflicients and determined all the extreme polynomials of the unit ball of
P(%d.(1,w)?). Recently, Kim [19] classified all the smooth polynomials of the
unit ball of P(2d,(1,w)?). In this paper, using results of the previous works
[17,19,22], we classify the exposed polynomials of the unit ball of the space
P(3d.(1,w)?). Indeed, we will show that

4. (1, w)? = {<x,y> ER: |(2,)

22 —y?+ 2wxy]

eXpB’P(2d*(1,w)2) = eXtBP(Qd*(l,wP)\{i [ 11 w?

+ [aran e O arap] |

2. The Results

Let P € P(%d.(1,w)?) with P(z,y) = az? + by? + cxy for (z,y) € d.(1,w)2.

Note that if ||P|| = 1, then |a] < 1,]b] < 1 and |¢| < ﬁ. Indeed, ||P|| >

14w)? 14+w)? 14w)?
|P((e), Lwy) = Q%) 4 p i o) = B0 (g 4 p| 4 |¢) > LE2 g,
Since

laz? + by® + cayl| = ||ba® + ay® £ cay| = || — ba® — ay® + cayl,
we may assume that a > |[b| >0, ¢ > 0.

Theorem 1 [17, Theorem 1]. Let P € P(*d.(1,w)?) with P(z,y) = az® +
by? + cxy for (z,y) € di(1,w)? with a > |b| >0, ¢ > 0. Then,

Case 1: 0 < ¢ < 2|b]
Subcase 1: b < 0
(a) If 5t < w, then
2

C
Pl=a+-—.
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(b) If 575 > w, then
| P|| = bw? + cw + a.
Subcase 2: If b > 0, then
|P|| = bw? + cw + a.
Case 2: If 2|b] < ¢ < 2a, then
|P|| = bw? + cw + a.

Case 3: 2a < ¢
(a) If <22 < w, then

|P|| = bw? + cw + a.

(b) If <22 > w, then

(c? — 4ab)(1 + w)?
1P|l = ——
4(c —a —b)
Theorem 2 [17, Theorem 2.
1 1
_ 2 2 2,2 2
extBp 24, (1,w)?) = {im , Y7, il+w2 (z° +y°), im(xiy)

:t[t(xz —?) £ 2/t(1 - t)xy} (1 +1w2 <t< 1) ,

2421 —t2(14 w)*
v £ 1

+

t(x? —
(@ (1+w)?

(== wrram)

Theorem 3 [19, Theorem 3]. Let f € P(®d.(1,w)?)* and o = f(2?),8 =
f(W?),y = f(xy). Then,

Hf=nwx{ML|m,

1
ol +m,r——?ﬂa+m+2m»

tla—6+2vt(1—t)lvl( 2§t§1),
Ha m+2+2\/1+ 1+ w)? ||(0< - 1—w )}

( T (T +w)(1+w?)
Observe that if 0 < w < 1 and w* = 1+w, then 0 < w* < 1 and
(w*)* = w.
Lemma 4 [22, Lemma 2.4]. Let w* = ﬁ Then, there is an isometry

o di(1L,w) — dy(1,w*) such that
_(rty z—y

Proof. By definition, the norms of (z,y) € d.(1,w) and (X,Y) € d.(1,w*)
are given by
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x|+ |y
1@, Y)lla. 1,0y = max{|$,|y|a | 1|+1|u | }7

X[+ Y]
14+ws |

1(X,Y)

d.(1,w*) — Max {|X|7 |Y|a

Fied Rl b
1+w ? 14+w*
{ |+\y| \z+y\+lfr y\}

il maxal, |y} |

NOW,bt(X}Y)::¢@gy)::(f:g,f;w) Then,

(X, Y)]|a, (1,0+) = max

1+w ?

= |[(z y)

O

Lemma 5. Let 0 < w < l,w* = % (a) Define ®: P(*d.(1,w)?) —
P(3d.(1,w*)?) by ®(P) = Po ¢!, where ¢ is the isometry in Lemma 4.
Then, ® is an isometric isomorphism. Therefore, P € extBp2q4, (1,w)2) if and
only if ®(P) € extBp(2q, (1,w+)?)-

(b) Define : P(*d.(1,w)*)* — P(Qd*(Lw*)?)* by W(f)(@(P)) = f(P)
(f € P(Cd.(1,w)?)*, P € P(®d.(1,w)?)). Then, V¥ is an isometric isomor-
phism. Therefore, P €expBp 24, (1,w)2) if and only if (P) €expBp 24, (1,w+)?)-

If € P(du(1,w)?)*, then W(f)(X?) = (F52)?(f (@) +f () +2/ (xy)).
V(NH(Y?) = (H5)2(f(2%) + f(y°) — 2f(xy)), and U(f)(XY) = ()2
(f(2%) — f(y?)). Note that if Pi(z,y) = t(x? — y?) £ 23/t(1 — t)ay (ﬁ <
t < 1), then ®(P)(X,Y) = 750 (X2 — ¥?) + 74 XV, From now
on, the variable z and y will be used in the deﬁmt10n of polynomials in
P(3d.(1,w)?), whereas we use X and Y in the definition of polynomials in

Pd, (1, w")?),

Theorem 6.

2?2 —y? 4+ 2wz
expBp 24, (1,w)?2) = eXtBP(Qd*(l,w)z)\{i [H] ;

14+ w?

1—w 2
L low g ix”
{u+waﬂﬁﬁ V) E Trup™
Proof. We will use the following notations for the extreme points of
BP(zd*(l,w)z):

1

- 1
_ 2 2
Py(x,y) = t(x® —y*) — 24/t(1 — t)zy (1+w2 <t<1)7
2424/1 — s2(1 + w)? (O <

(14 w)?

Qs(z,y)=s(z? — y*)+
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@s(x,y)zs(xz—zf) 2421 —s2(1+w)* <0<s<< 1—w ),

(14 w)? T (1+w)(1+w?)
Ri(z,y) = 22,
RQ(xay) :y27
Ro(,9) = (% + 1),
Ry(z,y) = ﬁ(x_,_y){
Rs(z,y) = (1_*_%)2(50 )2

First, we will show that Ri(z,y) € expBpq,(1,w)?). Indeed, let f €
P(3d.(1,w)?)* be such that f(z?) =1, f(y?) = %27 f(zy) = 0. By Theo-
rem 3, ||f|| = 1. We will show that f exposes R;. Suppose that Q(z,y) =
ar®+by?+cxy € P(*d.(1,w)?) such that ||Q| = 1 = f(Q). Then, a—l—% =1.

Since ||(1, “ Slgn<°>)||d = Land Q[ = 1, then 1+ = Q(1, “ 281y < 1,
from which we have ¢ = 0. For 0 < t < w,||(1,t)|la, = 1 and a + bt?> =
Q(Lt) <1 =a+ %. Ast — 0,b > 0. Ast — w, b < 0. Therefore,
b=0and a =1. So Q(x,y) = Ri(x,y). Similarly, —Ry(z,y), £Ra(z,y) €
expBp (24, (1,w)2)- The latter shows also that +£X? and +Y? are exposed poly-

nomials in Bp (24, (1,,+)2). Since (1+ 2 (2 + y)? = &71(X?) and W(m
y)? = & 1(Y?), by Lemma 5, £Ry(z,y), +Rs(x,y) € expBp (24, (1,w)2)-

We claim that Pj(z,y) = 22 —y? € expBp (24, (1,w)2)- Indeed, ||P1|| =1
by Theorem 1 and let f € P(*d.(1,w)?)* be such that f(z?) = %, f(y?) =
—%,f(xy) = 0. We will show that f exposes P;. Suppose that Q(z,y) =
az? +by*+cry € P(3d.(1,w)?) such that ||Q| = 1 = f(Q). Since 1 = f(Q) =
+(a—b) and |a| <1, |b| < 1, we have a = 1, b = —1. We claim that ¢ = 0. Let
S(z,y) = 22 —y*+|c|zy. Since ||S|| = 1 and ||1, tw||4, = 1 for every 0 < t < w,
1 — t2w? + |eJtw = S(1,tw) < 1 for every 0 < t < w. Ast — 0, ¢ = 0. So
Q(z,y) = Pi(x,y). Similarly, — Py (x,y) € expBp(24, (1,w)2)- Since ﬁxy =
O 1(X? —Y?), by Lemma 5, :I:ﬁ:cy = +Qo(z,y) € expBp4,(1,w)?)-
Next, we will show that R3(x,y) € expBp (24, (1,0)2)- Let f € P(3d.(1,w)?)*
be such that f(z?) = # = f(*), f(zy) = 0. Obviously, f(R3) = 1 and
by Theorem 3, ||f|| = 1. We will show that f exposes R3. Suppose that
Q(z,y) = ax® + by* + cxy e P(3d.(1,w)?) is such that [|Q] = 1 = f(Q).
Since 1 = f(Q), a+b = 1+ —=. Since 1 < 1+2w2 < 2 and |a| = |Q(1,0)] <
1,10 = @ (O 1] <1, we have a > 0,b>0. F1rst suppose that a > b > 0.
Put a = 1+ —— 4t b=—F5—tfor0<t< 1+ ——. We claim that t =0 = c.
It follows that

1>1Q(1,sign(c)w)| =1+ (1 — w2) + |clw,

which shows that ¢t =0 = ¢. So Q(z,y) = Rs(z,y). Suppose that 0 < a < b.
Let a = ﬁ—l, b= Hﬁ—&—l for0<i < ﬁ We also claim that ] =0 = c.
It follows that
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1> [Q(sign()w, 1)] = 1+ 1(1 — w?) +|clw,
which shows that | = 0 = ¢. So Q(z,y) = Rs(z,y). Similarly, —Rs(z,y) €
eXpo(2d*(17w)2).
Claim. P (@ (z,y) = 1+1w2 (22 — 92 + 2wzy) ¢ expBp (24, (1,w)2)-
Let f € P(%d.(1,w)?)* be such that 1 = || f]| = (P . 2) Then, (o —
)+ 2uy = 1+ w?. By Theorem 1, | = [(ay)] < Iyl = S22, we

claim that 0 < o — (. If a — 3 < 0, then 1;—5}’ <~v < %, Whlchlsa
contradiction. Since

a—fB=f="—y) <|fll =1=(a—B)+ 2wy — v

> i o<1 a_p a_p <
¥ = 5. Notice that > < 5 + 2\/(a_ﬂ)2+472 or oV 6)2+4’y <
1— 1 —B
(1+w)({“”+w2) First, suppose that 1+w2 <5+ 5 Fiﬁ)%&ﬁ Then, 1+w2 <

1 __apB
2+2WS1'Deﬁne

1
gx)=(a—p)z+2 x(l—x)’y( <x§1>.
It follows that, by Theorem 3,

1 a—f a—B)++/(a—B)2+ 492

L=l =g ( 2+ b ) lemdrviesh)
(a—B)%+4y

which implies that, because of o — 8 = 1 + w? — 2w,

2> a— B+ (a—P)2+472 = 1+ w* = 2wy + /(1 + w? - 2u7)? + 42,

which is equivalent to the inequality 1—w?+2wy > /(1 + w? — 2wy)? + 442,
which reduces to the inequality (v —w)? < 0, which implies that v = w and

a—f =1—w? Then, 1 = f(Q ), which shows that f cannot
o) ()
expose P 1 . Since f is arbitrary, we complete the proof of the claim if
1+u)
1 __aB a—p 1—w
1+w2 S 2 + 2/ (a—pB)2+442 " Suppose that (1+w)2\/(a,,@)2+472 < (I+w)(1+w?) "

Define
2+2y1—(1+w)*a? 1—w

(z) = (o — 0<z<——-—"———|.

(@) =la =B+ (1 +w)? TS T w)d )
It follows that, by Theorem 3,

L= lfl > a—pf \/a B3)? + 4+? +27
(14 w)?/(a = B)? + 497 (14 w)?
which implies that, because of o — 3 = 1 + w? — 2wy,
(1+w)? =2y > V(a—B)2+472 = /(1 +w? - 2w7)? + 492,

which is equivalent to the inequality (w? + 2w +1—2v)? — (w? + 1 — 2w~y)?
4~2, which reduces to the inequality (y—w)(w?y+w?+w+1) = wy?+(—w3+
w? +w+1)y—w(w?+w+1) < 0, which implies that, since w?y+w?+w-+1 >
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0, we have v < w. Note that the inequality ﬁ <1+ 2\/% is
a-— vy

equivalent to the inequality (o — 3)% + 442 < (%)2@ — )2, which is also
equivalent to the inequality [w(1+w?)+(1—3w?)y][—w(14+w?)+(14+w?)y] <
0. Observe that w(1 +w?) + (1 —3w?)y > 0 and —w(1 +w?) + (1 +w?)y <0
because v < w. Hence, we have ﬁ < % + \/ﬁ.

<l oB
+ Trw? = 27 3 fla—p)2+ay?
that f cannot expose P_1 . Since f is arbitrary, we complete the proof of

1+w
a—f3 < 1—w

(1+w)2/(a—p)2+472 = (Hw)(d+w?)”

The above argument of the case of shows

the claim if

Claim. ﬁ 3 (x,y) & expBp (24, (1,w)2)-

Otherwise, there exists an f € 73(2d (1,w)?)* with 1 = | f| which
exposes Pﬁ' Let a = f(2%),8 = f(y?),y = f(xy). Then, f(P 12) <
1. Let ¢ € P(*d.(1,w)?)* be such that g(2?) = «,g(y*) = B,9 ( y) =
—~. Then, g(P . 2) = 1. By Theorem 3, ||g]| = 1. Note that g exposes

P . . Indeed, let Q(z,y) = az® + by? + cxy € P(%d.(1,w)?) be such that

w2

IIQII 1 = g(Q). Let Q(z,y) = Qz, —y) = az® + by — cxy. By Theo-

rem 1, |Q| = 1 and 1 = ¢(Q) = f(Q). Hence, Q = 1, which implies
1+w
Q P_. . Therefore, g exposes P_1_, which is a contradiction because
T+uw? 1+w?

1+w (d. (1,w)2)- Similarly, —]51+1wz (z,y) ¢ expBpq, (1,w)2)- Since
Troaren (@® — v £ ﬁiﬂgz O (e (X2 = Y2 £ 207 XY)), by
Lemma 5, £Q 1w (2,y),£Q _1-w _(7,y) & expBp (24, (1,w)?)-

(1+w)(1+w?2) (1+w) (1+w?)

Claim. P;(x,y) € expBp(24, (1,w)2) for ﬁ <t< 1l
Let ﬁ <t < 1befixed. Let f; € P(%d. (1 w)?)* be such that f;(2?) =

3 [iy?) = =1+ 3 and fi(zy) = (/5L Note that |f,(Rg)| < 1 for
1 <k <5. We also have f,(P,) =1 and —1 < fy(B) < fi(P) = (2 — 1)+

2m\/§<1f0rz¢t,ﬁgzgl. Hence,
() 1fe(Be)| < L1fe(P)] < L1 £i(P)] < 1,1 fo(P)] < 1for 1 < k <5,
L#1, 1 +1w2
Define
h(s) == fi(Qs)
) T S )

Then, since the only root of A'(s) = 0 in [0,

h”((fi;l)g) =0, we have

<Ii<1.

is

(1+u})7(;u+w2)] (12;;1)2 and
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‘ 2 -1\  14+2,/t(1—1)
s ke =k ) S (1+w)2t
0SsS GrmareD

Hence, —1 < f1(Q.) < f1(Qs) < 1for 0 < s < (1-5—15)7(7113-11;2) Hence,

1—w
(14+w)(1 +w?)

By Theorem 3, || f;|| = 1. We will show that f; exposes P;. Let Q(x,y) = az?+
by? +cxy € P(2d.(1,w)?) such that 1 = ||Q|| = f:(Q). We will show that Q =
P;. Since P(%d.(1,w*)?) is a finite dimensional Banach space with dimension
3, by the Krein—-Milman theorem, Bp(24, (1,w+)2) is the closed convex hull of
ext Bp(2q, (1,0+)2)- Then,

(##) [fe(Qs)] <1 and  [f(Qy)] <1 for 0 < s <

Q(xay) = Z )\kRk(xvy)+ZﬂjQSj(x7y)+Z’Yné5'n(xay)

1<k<5 j=1 n=1
+ Z Oom P, (z,y) ZQP
m=1 =1

for some A, B, Vn, Om, € € R with

Goxn) Y Il DB+ D Il + D 10ml + ) el <1
j=1 n=1 m=1 =1

1<k<5

< tm,t; < 1 for every

1
and Tar S

and some 0 < sj,s/n < 0
j,m,m,l € N.

1—w
14+w)(14+w?)
Claim. A\, = 8j =7, =0, for every 1 <k <5,j,n € N.

Assume that Ay, # 0 for some 1 < kg < 5. It follows that

1=£(Q) = > Mfe(Re) +Zﬁyft(Qsj +Z%ft Q)

1<k<5 =1 n=1

+ Z Om fr(Pr,) -l-ZELft P )

=1

<ol [F(Re) I+ > Pl fe(Re) \+Z|5J||ft Qs,) \+Z|wn||ft(62 )l

1<k7ék0<5 j=1

+ Z |0m [ fe(Fr,, |+Z|€z\|ft (Py)l

=1

<Prol+ > I/\kIIft(Rk)|+Z|5]||ft(Qs,|+Z|%||ft X

1<k#ko<5 n=1

+Z|5 || fe (P, |+Z|€z\|ftP )| (by (%))

=1

)|

n
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IN

Mkol+ D Rl IB+ D Il + D 16wl + Y lal (by (%))
j=1 n=1 m=1 =1

1<k#ko<5
1 (by (**%)),

IN

which is impossible. Therefore, A\ = 0, for every 1 < k < 5.

Assume that 3, # 0 for some jo € N. Using a similar argument as
above, we have

1=£(Q) =Y Bifi(Qs) + D _ wfelQy))
j=1 n=1

+ Z 5mft(Ptm) + Zelft(ﬁt’)
m=1 =1

< 1Biol 1£:@Qs, )+ D 1BIAQ) D Il £(Qy )
J#d0.5=1 n=1

A 0wl P+ lallfo(Py)]
m=1 =1

<1Bil+ D 1BIIA@Qs)I+ D Imllf(Qy)]
J#do.j=1 n=1

+ 32 Pl + Y lall(Py)| Gy )

<y 5J|+Zm|+ Z |5m\+Z|ez|
j=1 m=1
<1,
which is impossible. Therefore, 3; = 0, for every j € N. Using a similar

argument as above, we have ~,, = 0, for every n € N. Therefore,

oo (oo}
y) = Z 6mPtm (xay) + Zelpt; (Z‘,y)
m=1 =1

We claim that for every [ € N, then ¢ = 0. Assume that ¢, # 0 for some
lp € N. Then,

1= £@Q = bmfu(Po) + > afi(Py)
=1

m=1
< Z [0 |.fe (P2, )| + |€lo||ft(Pt;D)\ + Z ledl1fe(Py)
m=1 I#10,=1

oo

< Bl (P + el + D lallfi(By)] (by (%)

m=1 1#£1o,1=1
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(oo}

o0
Z m| +Z|El‘
=1

IN
’—‘3

which is impossible. Therefore, ¢, = 0 for every [ € N. So

= Z Om Py, (z,7).
m=1

We will show that if ¢, # ¢ for some m € N, then 6,, = 0. Suppose that
tim, 7 t for some mg € N. Assume that 6,,, # 0.

1= ft(Q) = Z 6mft(Ptm)

o0

< ool fe(Pen )+ Y0 18wl fe(Pr,,)

m#mg,m=1

(o}

ool + D Pmllfe(P )]+ (by (%)

m#mo,m=1

<D [0ml
=1

<

=3

which is impossible. Hence, §,,, = 0. Therefore,

(Z 1) >Pt x,y) = Pz, y),

from which P, (z,y) €expBp 24, (1,u)2) for ﬁ <t < 1. Similarly, +P,(z,y) €
eXpBP(Qd*(l,w)Q) for ﬁ <t<1l
Claim. Q,(7,y) € expBp(24, (1,w)2) for 0 < s < mwl)*(iﬂ_wg)

By Lemma 5, it is enough to show that ®(Qs) € expBp(24, (1,1+)2)- It
follows that

(I)(Qs)(X7Y):QSO¢_1(X7 ))
:<s(x2—y2)+2+2vl_s (4w ) XY)

(1+w)? ’

=5 ((T)Q(XJFY)? — (1;1”)2()(—3/)2)

+2+2\/1—32 (1+w)* <1+w

(14 w)? 2 ) (X*-v%)

1 1—s2(1 4
1t ;( +w) (X2 - Y2) + (1 + w)2sXY.
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Let t = "V hen, o < < Tand $(Q.)(X,Y)=P(X,Y) €
eXpo(2d (1,w*)2)- Similarly, —Qs(z,y) € eXpBP(zd*(l,w)2) for 0 < s <

(1+w)(1+w2)
Claim. Qé(x Y) € expBp2q, (1,w)2) for 0 < s < m.

Since Qs(x,y) € expBp(24, (1,w)2), there exists an f € 73( dy(1,w)?)*
with 1 = ||f|| which exposes Q. Let o = f(x ) B = fy?),y = f(ay).
LethP(zd(lw))besuchthatg() L9(y?) = B g(zy) = —
Then, g(Q ) =1. By Theorem 3, ||g|| = 1. Note that g exposes QS Indeed,
let Q( ,y) = az? + by* 4+ cxy € P(zd (1,w)?) be such that ||Q| = 1 =
9(Q). Let Q(z,y) = Q(z, —y) = az® —|—by — cxy. By Theorem 1, ||Q| = 1
and 1 = ¢(Q ) Q) Hence, Q = QS, which shows that g exposes QS
Similarly, —Q,(z,y) € expBp2q, (1,w)2) for 0 < s < W Therefore,
we complete the proof of Theorem 6. 0
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